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✦ a triangula)on of a compact polygonal region in ℝ2 on a set of ver;ces V                   

(possibly with internal ver;ces) 

✦ endowed with an injec)ve scalar func)on t: V ⟶ ℝ called height func)on
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Motivations
A terrain T consists of 



Persistent Homology 
enables the study of 

terrain morphology

Changes in homology are in correspondence with critical points of t
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Output can be affected by geometrical oversampling
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Motivations
Topological terrain simplification consists in the removal of

low-persistence pairs of critical points considered as topological noise
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Motivations
We propose a different approach

✦ Reduce the size of the terrain 

✦ Maintain favorable proper;es: 

✤ Persistent homology (i.e. cri;cal points) 

✤ Geometric closeness to the original surface
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Simplification Algorithm
 Given ε > 0, a base terrain B and a terrain T with ∥B − T ∥∞ ≤ ε,  

 compute a terrain S with fewer vertices than T, such that  

 ∥B − S ∥∞ ≤ ε and S has the same persistent homology of T

Problem:

Algorithm:

Initialize S ⇽ T and C ⇽ Vertices of T  

while C ≠ ∅,  

    pick a vertex v in C (uniformly at random) and remove it from C 

if link(v) can be re-triangulated maintaining the condition on persistent homology 

and L∞-distance then 

remove v from S and re-triangulate its link by the found triangulation  

insert the vertices of link(v) in C (if not already contained) 

return S
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Simplification Algorithm

 Given a vertex v of S, a re-triangulation of its link maintains the condition on: 

✦ L∞-distance if all the diagonals and the triangles of the re-triangulated link are      

L∞-aware 
✦ persistent homology iff v is not a cri)cal point and all the diagonals of the                

re-triangulated link are persistence-aware

A vertex satisfying the above conditions is called removable

Theorem:

v
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Simplification Algorithm

  Let u, v, w be vertices of S,  

✦ uv is called L∞-aware if for any point         

x = λu+(1−λ)v of uv,  

|(λs(u) + (1 − λ)s(v)) − b(x)| ≤ ε 

✦ uvw is called L∞-aware if for any point      

x = λu + μv + (1 − λ − μ)w of uvw,  

|(λs(u) + μs(v) + (1 − λ − μ)s(w)) − b(x)| ≤ ε 

  where s and b denote the height func;ons of S and B, respec;vely 

L∞-Awareness:

S

B
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Simplification Algorithm
Persistence-Awareness:

  Let v be a vertex of S with two adjacent vertices u, w such that s(u) < s(w),  

  uw is called persistence-aware if one of the following conditions holds:   

✦ s(u) < s(v) < s(w) 

✦ s(w) < s(v) and there is a path on link(v) from u to w with maximal height s(w) 

✦ s(v) < s(u) and there is a path on link(v) from u to w with minimal height s(u) 
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Implementation & Experiments
  Based on the proposed simplification, an algorithm has been implemented in C++ and   

  it is available in a public repository ( https://bitbucket.org/mkerber/terrain simplification ) 

Given an input terrain B and some ε > 0, the algorithm returns a terrain S that is 

ε-close to B in L∞-distance and has the smallest number of critical points possible

Input
Output



Istituto di Matematica Applicata e Tecnologie Informatiche «Enrico Magenes»

Implementation & Experiments
  Based on the proposed simplification, an algorithm has been implemented in C++ and   

  it is available in a public repository ( https://bitbucket.org/mkerber/terrain simplification ) 

Given an input terrain B and some ε > 0, the algorithm returns a terrain S that is 

ε-close to B in L∞-distance and has the smallest number of critical points possible

✦ Apply an improved version of the topological 
simplifica)on of [Bauer et al. 2012] on (B,ε) to 
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Implementation & Experiments
  Based on the proposed simplification, an algorithm has been implemented in C++ and   

  it is available in a public repository ( https://bitbucket.org/mkerber/terrain simplification ) 

Given an input terrain B and some ε > 0, the algorithm returns a terrain S that is 

ε-close to B in L∞-distance and has the smallest number of critical points possible

✦ Apply an improved version of the topological 
simplifica)on of [Bauer et al. 2012] on (B,ε) to 

get a terrain T with the specified proper;es 

✦ Apply our reduc)on strategy on (B,T,ε) to get a 

smaller terrain S with the same proper;es  

✦ Apply a mesh improvement algorithm on (B,S,ε)
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Implementation & Experiments

Benchmark Results for Styria Dataset:

I: size of the input (number of verTces) 

S: size of the output of the topological 

simplifica;on algorithm (number of 

verTces) 

C: cri;cal points of the output of the 

topological simplifica;on algorithm 

O: size of the final output (number of verTces) 

T: running ;me (in seconds)
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Based on necessary and sufficient criteria for elementary operaTons in a terrain  
to preserve the persistent homology,  

we have developed a method to reduce the total size of a topologically simplified terrain  

overcoming a major drawback of previous simplificaTon methods  
without giving up on its guarantees

Future Developments:

In Summary:

✦ InvesTgate how far our output is from an opTmal soluTon 

✦ Extend our implementaTon to piecewise-linear funcTons on triangulated surfaces  

✦ Find other interesTng applicaTon domains
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